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Abstract
The characteristics of complex turbulent bound-
ary layers under adverse pressure gradients are as-
sessed through well-resolved large-eddy simulations
(LES) with the spectral-element code Nek5000. Two
wing sections are analysed: a NACA0012 at 0◦ an-
gle of attack which presents a mild adverse-pressure
gradient (APG) along the chord and a NACA4412
at 5◦ angle of attack with a strong adverse pres-
sure gradient on the suction side, both profiles at
Rec = 400, 000. The turbulent statistics show that
the mild-APG turbulent boundary layer (TBL) of the
NACA0012 presents a slight deviation of the velocity
fluctuations in the outer region while the strong-APG
TBL of the NACA4412 shows significantly larger fluc-
tuations throughout the wall-normal direction with re-
spect to the zero-pressure-gradient (ZPG) TBL. These
differences are more substantial in the outer region of
the boundary layer. Spectral analyses show that the
APG has a significant impact on the largest scales in
the boundary layer. Our results indicate that the APG
increases the turbulent kinetic energy (TKE) of the
TBL, more prominently in the outer layer, and suggest
a different mechanism than the one related to high Re
in ZPGs.
1 Introduction
Extensive research has been performed in the field
of fluid dynamics related to the search of optimal
strategies that allow drag reduction in bluff bodies,
such as aircraft and automobiles among others. The
direct effect of the drag reduction is the decrease of
fuel consumption and, in turn, the emissions of pol-
lutant gases which are and will be subjected to strict
regulations. The flows present in industrial applica-
tions are typically characterised by very high Reynolds
numbers, Re. In this type of flows the turbulent bound-
ary layer entails a significant part of the drag genera-
tion, and its relevance is supported by numerous stud-
ies, experimental and numerical, dedicated to the anal-
ysis of turbulent boundary layers (TBLs). Regarding
numerical works, these have been possible because of
the continuous improvement of computational power,
allowing to simulate and analyse most of the relevant
characteristics of the flow. Despite the fact that the
Reynolds number in the current numerical studies of
turbulence is still far from that in the actual applica-
tion, it is reaching higher values comparable to the
range of wind-tunnel experiments. Some examples
of this are the analysis of pressure-gradient turbulent
boundary layers (PG TBLs) carried out by Vinuesa et
al. (2017a), who performed a direct numerical simu-
lation (DNS) of the flow around a NACA4412 wing
section at Rec = 400, 000 (where Rec is based on
the inflow velocity U∞ and the wing chord c) and the
large-eddy simulations (LESs) by Sato et al. (2016),
Fre`re (2018) and Vinuesa et al. (2018) at Rec values
of at least 1 million.
The aim of the present study is to analyse his-
tory effects introduced by adverse pressure gradients
(APGs) in turbulent boundary layers. Whereas in
some recent studies APG TBLs on flat plates have
been analysed (Bobke et al., 2017, Kitsios et al.,
2017), in this work we consider the flow around two
wing profiles which exhibit different APG distribu-
tions along the chord. The wing sections selected for
the analysis are the cambered NACA4412 with 5◦ an-
gle of attack and the symmetric NACA0012 with 0◦
incidence, both profiles being simulated at Rec =
400, 000. These two flows exhibit different behaviours
of the turbulent boundary layers, where their stream-
wise development (Vinuesa et al., 2017b) and turbu-
lent statistics are significantly affected by the APG dis-
tribution present on the suction side, denoted as (·)ss.
2 Numerical Method
Successful simulations of turbulent flow are prefer-
ably based on the use of high-order numerical meth-
ods such that all the scales, or at least all the rele-
vant scales in the flow, are captured by the numerical
method. For this reason we perform the analysis of the
turbulent boundary layers by means of a well-resolved
LES that accurately represents the largest scales of the
flow while the smallest scales are modelled. The LES
of both airfoils is carried out with the spectral-element
code Nek5000 (Fischer et al., 2008). The spatial dis-
cretisation is performed by means of Lagrange inter-
polants of polynomial order N = 11 and the spa-
ar
X
iv
:1
81
2.
03
75
4v
1 
 [p
hy
sic
s.f
lu-
dy
n]
  1
0 D
ec
 20
18
tial resolution in the boundary layer is expressed in
wall units: ∆x+t = 18.0, ∆y
+
n = (0.64, 11.0) and
∆z+ = 9.0. Note that xt and yn denote the direc-
tions tangential and normal to the wing surface, re-
spectively, and z is the spanwise direction. The scal-
ing in wall units is in terms of the friction velocity uτ
and the viscous length `∗ = ν/uτ . The domain under
consideration in both cases is a C-mesh (as shown in
Figure 1 together with an instantaneous flow visuali-
sation) with chordwise length Lx = 6c, vertical length
Ly = 4c and periodic spanwise length Lz = 0.1c.
The initial condition is obtained from a RANS simu-
lation from which the values at the boundaries remain
as boundary conditions except in the outflow where
a stabilised outflow boundary condition is imposed.
The domains of the NACA0012 and NACA4412 are
discretised using a total of 220,000 and 270,000 spec-
tral elements, respectively, which amount to approxi-
mately 380 million and 466 million grid points.
Figure 1: Instantaneous visualisation of the
NACA0012 case showing coherent vortical struc-
tures identified through the λ2 criterion, together with
the employed spectral-element mesh (where the grid
points within elements are not shown). Structures col-
ored by their streamwise velocity from zero (blue) to
the free-stream velocity (red).
3 Turbulence Statistics
The present results were obtained by averaging
for 4.3 flow-over times in the NACA4412 case and
4.0 flow-over times in the NACA0012 (note however
that after applying the flow symmetry in the latter,
an effective average over 8.0 flow-over times is ob-
tained). The turbulent boundary layer is tripped by
means of a weak random volume forcing (see Schlat-
ter and O¨rlu¨, 2012) located on both the pressure and
suction sides at x/c = 0.1 from the leading edge.
Here we focus on the suction side of both wing sec-
tions, which exhibit strong APGs with varying magni-
tudes in the streamwise direction. The turbulent statis-
tics are expressed in the directions tangential (t) and
normal (n) to the wing surface (see Vinuesa et al.,
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Figure 2: Clauser pressure-gradient parameter β
along the suction side of the NACA4412 (—) and the
NACA0012 (—) wing sections.
2017a for additional details). The magnitude of the
APG is determined in terms of the Clauser pressure-
gradient parameter β = δ∗/τwdPe/dxt, where δ∗ is
the displacement thickness, τw is the wall-shear stress
and Pe is the pressure at the boundary-layer edge.
As shown in Figure 2, the Clauser pressure-gradient
curves show a much stronger APG in the NACA4412
than in the NACA0012, specially as the trailing edge
is approached.
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Figure 3: Streamwise evolution of friction Reynolds
number. The TBLs developing on the suction side of
the NACA4412 (—) and the NACA0012 (—) wing
sections are shown.
The friction Reynolds number (defined in terms
of uτ and the 99% boundary-layer thickness δ99) is
shown in Figure 3. Here we employ the method by
Vinuesa et al. (2016) to determine the boundary-layer
thickness. The Reτ curve of the NACA4412 reaches
a maximum value of Reτ = 369 at xss/c ' 0.8
before showing a sudden drop because of the very
strong APG in that region, while the NACA0012 only
shows a subtle decrease beyond xss/c ' 0.93 where
Reτ = 372. In the case of the momentum-thickness-
based Reynolds number Reθ (Figure 4) one can ob-
serve the difference between the two profiles in which
both the rate of growth and the local values are sig-
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Figure 4: Streamwise evolution of momentum-
thickness Reynolds number. The TBLs developing
on the suction side of the NACA4412 (—) and the
NACA0012 (—) wing sections are shown.
nificantly higher in the NACA4412 wing section, hav-
ing as maximum Reθ = 2916 while the NACA0012
maximum Reθ only reaches 1669. Note that beyond
xss/c ' 0.8, the cambered NACA4412 exhibits val-
ues of β an order of magnitude larger than those in the
symmetric NACA0012.
On the other hand, Figures 5a and 5b show the
effect of the APG on the development of the bound-
ary layer along the chord of the wing section com-
pared to the results of a zero-pressure-gradient (ZPG)
TBL LES performed by Eitel-Amor et al. (2014). It
is clear that, at xss/c = 0.4 (Figure 5a), near the
wall and in most of the incipient overlap region both
boundary layers show an almost identical inner-scaled
mean velocity profile, while the outer region of the
NACA4412 (for which Reτ = 253 and β = 0.66)
shows a higher inner-scaled mean velocity than the
NACA0012 (Reτ = 211 and β = 0.20). This effect
is more prominent at xss/c = 0.75 (Figure 5b), where
the stronger-APG effects (β = 4.11 and Reτ = 369
for the NACA4412, β = 0.66 and Reτ = 338 for
the NACA0012) also lead to reduced values in the
buffer region (Spalart and Watmuff, 1993). As dis-
cussed by Harun et al. (2013), the APG increases the
TKE in the outer region of the TBL, generating high-
energy turbulent structures. The relation between this
effect and the inner-scaled mean velocity profile was
reported by Bobke et al. (2017), who stated that the
development of large-scale energetic turbulent struc-
tures in the boundary layer differs depending on the
APG evolution.
The increment in TKE in the outer region of the
two TBLs is analysed through several components of
the Reynolds-stress tensor for both wing profiles at
xss/c = 0.4 and 0.75. Figure 6a shows the signifi-
cant difference in the turbulence features as the TBLs
develop so that at xss/c = 0.4 we already obtain
slightly greater velocity fluctuations when there is a
moderate APG. On the other hand, Figure 6b shows
that at xss/c = 0.75 (i.e. different Reθ and β values
and very similar values of Reτ ' 350 in both wing
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Figure 5: Inner-scaled mean velocity profile along the
wall-normal direction in the following cases: ZPG (—
), NACA4412 (—), NACA0012 (—). Note that the
ZPG case was chosen to approximately match the cor-
responding Reτ values of the wing sections.
cases) noticeable discrepancies among the wings are
observed. It is clear how strong APGs increase the
TKE of the boundary layer so that the NACA4412 case
exhibits values roughly twice as large in the outer re-
gion of all the shown Reynolds-stress profiles than the
NACA0012 airfoil. The presence of an outer peak in
the profile of the tangential velocity fluctuations when
imposing a strong APG with β ' 4.11 is also remark-
able (Figure 6b) as shown by Vinuesa et al. (2017a).
4 Spectral Analysis
Through the analysis of the statistics of the turbu-
lent boundary layers we have observed a significant
effect of the APG on the outer region. The objective
now is to identify how the energy is distributed among
the scales and which is the effect of the APG in this
energy distribution. For that purpose two approaches
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Figure 6: Selected inner-scaled Reynolds stresses: tan-
gential (—), normal (—), spanwise (—) velocity fluc-
tuations and Reynolds-shear stress (—).
are considered for the spectral analysis: first, the com-
putation of the inner-scaled pre-multiplied spectra of
the tangential velocity fluctuations, kzφ+utut , as a func-
tion of the inner-scaled normal distance to the wall y+n
and the inner-scaled spanwise wavelength λ+z ; second,
the two-dimensional inner-scaled pre-multiplied spec-
tra, kzktφ+utut , as a function of the inner-scaled span-
wise wavelength and the inner-scaled temporal period
λ+t . The computation of the power-spectral density
in terms of the spanwise wavelength is performed by
means of Fast Fourier Transform (i.e. FFT) due to
the periodic boundary conditions imposed in this di-
rection. On the other hand, the same method cannot
directly be applied to the temporal signal as it is not
periodic nor reaches infinity, therefore the spectra in
terms of the temporal period is computed by means
of the Welch’s method, i.e. an overlapping window
method. Note that we will be comparing with the
ZPG-TBL LES performed by Eitel-Amor et al. (2014)
atReτ = 350 which is similar to theReτ of both wing
sections at xss/c = 0.75 but larger than the wing sec-
tions at xss/c = 0.4.
First, we consider the pre-multiplied spectra as a
function of the spanwise wavelength. Figure 7a shows
the spectra at 40% of the chord length. In this case, we
can observe similar power-spectral density distribu-
tions for both wings. This is highly related to the low
accumulated APG up to this position which seems not
to affect considerably neither the turbulence statistics
nor its spectra, although some discrepancies between
both cases are observed. For example, the inner peak
is very similar in the three cases, however the largest
spanwise wavelengths show higher energy levels in the
ZPG and the NACA4412. This behaviour is the result
of the higher Reθ in the ZPG and NACA4412 cases
with respect to the NACA0012, in which the APG
magnitude is very low.
On the other hand, Figure 7b shows more relevant
results as it compares the effect of the strong APG (i.e.
β = 4.11 for the NACA4412) with the effect of the
mild APG (i.e. β = 0.66 for the NACA0012), at 75%
of the chord length. The NACA0012 exhibits a slightly
higher, but similar in shape, power-spectral density
distribution compared to that at xss/c = 0.4 while the
power-spectral density distribution in the NACA4412
features more significant differences in the energy lev-
els. The NACA4412 shows higher-energy levels for
both small and large scales when compared with the
NACA0012 and ZPG. This increment in TKE takes
place both in the near-wall region and in the outer
region, being similar for the largest spanwise wave-
lengths but more significant in the outer region than in
the near-wall region for the smallest scales. It is im-
portant to notice the emergence of the spectral outer
peak in the spectra of the NACA4412. According to
Hutchins & Marusic (2007) the spectral outer peak is
always present but at low Reynolds numbers, the po-
sition of both peaks coincide (there is no separation
of scales) and they overlap. Their experiment is per-
formed atReθ = 7100, which is around 5 times higher
than in our simulations and still the peak achieved for
the NACA4412 is more prominent. Comparing now
the ZPG with the NACA0012, the results lead to a dif-
ferent behaviour than at xss/c = 0.4. Since both cases
have a similarReτ , the higher TKE in the outer region
of the NACA0012 is a result of the APG.
Finally, we will study the two-dimensional pre-
multiplied spectra of the tangential velocity fluctua-
tions. In this case, we will be computing the spectra
as a function of the spanwise wavelength and tem-
poral period at two positions from the wall: in the
near-wall region (y+n = 16) and in the outer region
(yn/δ99 = 0.2). Starting with the analysis of the inner
region, Figure 8a shows similar power-spectral den-
sities for both wing sections at a location in which
the accumulated pressure gradient is still considerably
low, such that the effect on the TBLs is small. How-
ever, comparing with the ZPG the main difference ap-
pears when both scales are small. It can be seen that
for the wing sections the smallest scales have higher
energy levels than those from the ZPG. Due to the low
APG that both wing sections exhibit at that position
and the similarity between both power-spectral den-
sities, a possible explanation is that this effect could
come from the surface curvature.
Figure 8b shows that this effect is amplified for
strong APGs (i.e. NACA4412) while it is barely no-
ticeable for the NACA0012. This suggests that the
APG also affects the smallest scales, an effect that
does not take place when increasing Re, and, there-
fore, that the turbulent production mechanism is dif-
ferent when increasing Re and when increasing the
APG, a conclusion similar to the one obtained by Vin-
uesa et al. (2018). Moreover, there is an increment in
the energy levels of the temporal largest scales and an
increment in the energy levels of the spanwise smallest
scales for the NACA4412.
Focusing now on the outer region (Figure 9), the
first aspect to be noticed is the larger energy levels
of the wing-section boundary layers compared to the
ZPG TBL. Again, as in the inner region, the main dif-
ference between the wing sections and the ZPG is in
the region where both scales are very low. In this case
it can be observed that the energy of all scales is in-
creased, just as shown in Figure 7b. However, the dif-
ferent scales of the NACA0012 increase their kinetic
energy except large spanwise wavelengths, which have
lower energy levels than those at xss/c = 0.4.
5 Conclusion
The present study analyses the effect of APGs on
the development of TBLs. The cases under study
are the flow over a NACA4412 at 5◦ angle of at-
tack and the flow over a NACA0012 at 0◦, both at
Rec = 400, 000, using the results of a ZPG LES as
reference to study the effect of the APG. The turbu-
lence statistics on the suction side are computed and
clearly reflect the impact of the APG. In the case of
the mild-APG (i.e. NACA0012) the difference with
the ZPG BL is smaller, and it is more noticeable in the
outer region through increased tangential velocity fluc-
tuations. Furthermore, the strongest APG case shows a
large increment in TKE of the boundary layer, mainly
in the outer region where an outer peak emerges. The
analysis is extended through the computation of the
pre-multiplied spanwise and two-dimensional spectra
of the tangential velocity fluctuations. The main con-
clusions extracted from this analysis are the increment
in TKE due to the adverse pressure gradient with re-
spect to the ZPG. In addition, an important result is the
increment in spectral density in the near-wall region
by the APG, an effect that is not observed by increas-
ing Re, which suggests that the turbulent production
mechanisms due to Re and APG are different.
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Figure 7: Pre-multiplied spanwise spectra of the tan-
gential velocity fluctuations for the NACA4412 (—),
NACA0012 (—) and ZPG at Reθ = 880 (—). The
contours range from kzφ+utut = 0.5 to 3.8 with a con-
stant increment of 1.1 units.
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Figure 8: Pre-multiplied two-dimensional spectra of
the tangential velocity fluctuations for the NACA4412
(—), NACA0012 (—) and ZPG (—) at y+n = 16. The
contours represent kzktφ+utut = 0.05, 0.1 and 0.2.
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Figure 9: Pre-multiplied two-dimensional spectra of
the tangential velocity fluctuations for the NACA4412
(—), NACA0012 (—) and ZPG (—) at yn/δ99 = 0.2.
The contours range from kzktφ+utut = 0.05 to 0.15
with a constant increment of 0.1 units.
